Abstract. We find new classes of prime characteristic rings whose finitistic test ideal and test ideal are equal. In particular, we equate the notions of weakly F -regular and strongly F -regular for four dimensional rings whose anti-canonical algebra is Noetherian on the punctured spectrum.
Introduction
Introduced and developed by Hochster and Huneke in [HH89, HH90, HH91, HH93, HH94a, HH94b] , the theory of tight closure is a central topic in the study of Noetherian rings of prime characteristic p > 0. Suppose R is a Noetherian ring of prime characteristic p > 0 and let R
• be the set of elements which avoid all minimal primes of R. Let I ⊆ R be an ideal of R and denote by I
[p e ] the expansion of I along the eth iterate of the Frobenius endomorphism. The tight closure of I is the ideal I * consisting of elements x ∈ R such that there exists an element c ∈ R
• with the property that cx p e ∈ I [p e ] for all e ≫ 0. A defining problem of tight closure theory was the question of whether or not tight closure commutes with localization: If W is a multiplicative set and I ⊆ R an ideal, is I * R W = (IR W ) * ? There are scenarios when tight closure does commute with localization, e.g., [AHH93] and [Yao05] . However, there exist hypersurfaces for which tight closure does not commute with localization, [BM10] . Brenner's and Monsky's counterexample to the localization problem leaves open the intriguing problem if the property of tight closure being a trivial operation on ideals commutes with localization.
Continue to let R be a Noetherian ring of prime characteristic p > 0. The ring R is called weakly F -regular if every ideal is tight closed, that is I = I * for every ideal I. 1 A ring is called F -regular if every localization of R is weakly F -regular. Let F e * R denote the restriction of scalars of R along the eth iterate Frobenius endomorphism F e : R → R. We say that R is strongly F -regular if for each nonzero element c ∈ R there exists e ∈ N such that the R-linear map R → F Theorem A provides a substantial step forward to equating the notions of F -regular and strongly F -regular for 4-dimensional rings. Suppose (R, m, k) is a local strongly F -regular ring of Krull dimension, e.g., R is the localization of a 4-dimensional F -regular ring. Then there exists an effective boundary divisor ∆ such that (Spec(R), ∆) is globally F -regular (or just F -regular since Spec(R) is affine), [SS10, Corollary 6 .9], and therefore has KLT singularities by [HW02, Theorem 3.3] . Thus if one could show every 3-dimensional KLT singularity in prime characteristic has finitely generated anti-canonical algebra then the notions of F -regular and strongly F -regular would coincide.
There has been tremendous effort to equate the various notions of F -regularity since the theory of tight closure was introduced. Efforts to equate at least two of the notions of Fregularity have typically required making desirable geometric assumptions on the ring R. For example:
(1) Hochster and Huneke showed weak implies strong for Gorenstein rings, [HH89] ; (2) Weakly F -regular is equivalent to strongly F -regular whenever R is N-graded over a field by work on Lyubeznik and Smith, [LS99] ; (3) MacCrimmon showed weakly F -regular is equivalent to strongly F -regular if R is assumed to be Q-Gorenstein at non-maximal points of Spec(R), [Mac96] ; (4) Murthy proved that weakly F -regular and F -regular are equivalent conditions whenever the ring R is finite type over an uncountable field, see [Hun96, Theorem 12 .2]. Hochster and Huneke extended Murthy's result in [HH94a, Theorem 8 .1] to rings finite type over a field which has infinite transcendence degree over its prime field F p ; (5) The conjectured equivalence of weak and strong follows by an unpublished result of Singh, provided the symbolic Rees ring associated with an anti-canonical ideal is Noetherian, see [CEMS18, Corollary 5.9]. See also [Abe02] for a related assumption on the anti-canonical ideal from which validity of the weak implies strong conjecture can be derived.
There has been limited progress on equating the various notions of F -regularity without making conjecturely unnecessary assumptions. Williams' theorem, see [Wil95] , equates the notions of weakly F -regular and strongly F -regular for rings of dimension no more than 3. Williams proof of the weak implies strong conjecture in dimension 3 relies on Lipman's theorem that the divisor class groups of the local rings of an excellent surface with at worst rational singularities is finite, [Lip69] . Specifically, Williams uses that the canonical class of a local three dimensional weakly F -regular ring is torsion on the punctured spectrum, an assumption MacCrimmon imposed on larger dimensional rings in [Mac96] in order to extend William's methodology to a large class of rings of arbitrarily large dimension. Lipman's theorem on divisor class groups requires an understanding of minimal resolutions of rational surface singularities by quadratic transforms.
In the spirit of MacCrimmon's theorem, we do not limit ourselves to low dimensions. We instead impose desirable geometric conditions on higher dimensional rings to find a new and interesting class of rings for which the finitistic test ideal and the test ideal agree. To motivate our most general result we rephrase MacCrimmon's theorem from [Mac96] in terms of analytic spread of an anti-canonical ideal. Let (R, m, k) be a normal Cohen-Macaulay domain of prime characteristic p > 0 and ω R ∼ = J 1 R a canonical ideal. The ideal J 1 is of pure height 1 and so there exists an element a ∈ R such that a generates J 1 at its components. We can then write (a) = J 1 ∩ K 1 where K 1 is pure height one and the components of K 1 are disjoint from the components of J 1 . The ideal K 1 is an anti-canonical ideal of R and is the inverse of J 1 as an element of the divisor class group of R. To assume R is Q-Gorenstein on the punctured spectrum is equivalent to assuming that for some natural number N ≥ 1 the the Nth symbolic power of K 1 , K (N ) 1 , has analytic spread 1 on the punctured spectrum. We recover MacCrimmon's result by proving every weakly F -regular ring is strongly Fregular under the milder hypothesis that some symbolic power of an anti-canonical ideal has analytic spread at most 2 on the punctured spectrum.
Theorem B. Let (R, m, k) be a local Cohen-Macaulay normal domain of prime characteristic p, Krull dimension d, and Q-Gorenstein in codimension 2. Suppose further that R has a canonical ideal and that some symbolic power of the corresponding anti-canonical ideal has analytic spread at most 2 on the punctured spectrum. Let E R (k) be the injective hull of the residue field. Then the finitistic tight closure and the tight closure of the zero submodule of E R (k) agree. In particular, the finitistic test ideal and the test ideal of R agree. Therefore if R is weakly F -regular then R is strongly F -regular.
Techniques introduced in this article allow us to equate the finitistic tight closure and the tight closure of the zero submodule of the injective hull of the residue field through a careful analysis of the maps of Koszul cohomologies defining certain local cohomology modules. Our analysis of local cohomology is centered around the notion of a local cohomology bound defined in Section 3.
The relationship between F -signature and relative Hilbert-Kunz multiplicity is also explored. See [Hun13, PT18] for introductions to the theory of prime characteristic invariants, such as Hilbert-Kunz multiplicity and F -signature, in local rings. The F -signature of an F -finite ring 2 is the limit lim e→∞ frk(F e * R) rank(F e * R) where frk(F e * R) is the largest rank of an R-free summand appearing in a direct sum decomposition of F e * R. The invariant F -signature was shown to exist under the local hypothesis in [Tuc12] [AL03] . In particular, if it is known that F -signature of a weakly F -regular ring can be realized as a relative Hilbert-Kunz multiplicity then the conjecture of weak implies strong would follow. The techniques of this article are used to equate F -signature with a relative Hilbert-Kunz multiplicity for strongly F -regular rings which satisfy the hypotheses of Theorem B.
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Theorem C. Let (R, m, k) be a local F -regular and F -finite ring of prime characteristic p > 0 such that some symbolic power of the anti-canonical ideal has analytic spread at most 2 on the punctured spectrum. There exists an irreducible m-primary ideal I and socle generator u mod I such that
for every e ∈ N. In particular,
Section 2 is devoted to background and preliminary results. Central to this paper is the notion of a local cohomology bound. Local cohomology bounds are of independent interest and are defined and discussed in Section 3. Section 4 is the technical heart of the paper and is where proofs of Theorem A and Theorem B are given. The proof of Theorem C is found in Section 5. In Section 6 we list some open problems of interest.
Background and preliminary results
2.1. Tight closure. Let R be a ring of prime characteristic p > 0 and let R
• be complement of the union of the minimal primes of R. The eth Frobenius functor, or the eth PeskineSzpiro functor, is the functor • such that for all e ≫ 0 the element m is in the kernel of the following composition of maps:
In particular, if we consider an inclusion of R-modules of the form I ⊆ R then F e (R/I) ∼ = R/I
[ 
and agrees with Ann R (0 * E R (k) ). The ring R is weakly F -regular if and only if τ f g (R) = R and R is strongly F -regular if and only if τ (R) = R. Thus to prove the conjectured equivalence of weak and strong F -regularity it is enough to show 0 * E R (k) = 0 * ,f g E R (k) under hypotheses satisfied by rings which are weakly F -regular. To explore the tight closure of the zero submodule of E R (k) we exploit the structure of E R (k) as direct limit of 0-dimensional Gorenstein quotients of R described in [Hoc77] . Suppose (R, m, k) is a complete local Cohen-Macaulay domain of Krull dimension d and
The sequences of ideals {I t } form a decreasing sequence of irreducible m-primary ideals cofinal with {m t }. Moreover, the direct limit system lim − → R/I t
There is flexibility in choosing parameters when realizing the injective hull as a direct limit just described and it will be beneficial to choose the parameter sequence to satisfy some additional properties.
Definition 2.1. Let (R, m, k) be a local catenary domain of dimension d, and let J be an ideal of R of pure height 1. We say that the sequence of elements x 1 , . . . , x d ∈ m is suitable with respect to J (or merely suitable, if J is clear) if
(1) x 1 , . . . , x d is a system of parameter for R, (2) x 1 ∈ J and x 2 , . . . , x d are parameters for R/J, (3) if J P is principal for all minimal primes of J, then J x 2 is principal, (4) if J is principal in codimension 2, then J x 3 is principal.
Observe that if J ⊆ R is an ideal of pure height 1 which is principal in codimension 2 then there exists a parameter sequence which is suitable with respect to J. 
Then under the above identifications of E
.
Proof. The containments ⊇ are clear by definition of finitistic tight closure. The containments ⊆ are also straight forward since the maps in the direct limit systems above are injective under the Cohen-Macaulay assumption. 
Proof. Let x 1 , . . . , x d ∈ R be a suitable system of parameters with respect to J 1 , and identify the injective hull of the residue field as
• such that cη p e = 0 for all e ≥ 1. Equivalently, for every e ∈ N there exists a t ∈ N such that
in which case there exists an element s ∈ J
But x 1 , x 2 , . . . , x d is a regular sequence and therefore
and hence 
If we identify H
In particular, there exists a t ∈ N such that (
Conversely, suppose that 0 *
. Without loss of generality we may assume η = r + (J 1 , x 2 , . . . , x d ). Then there exists a c ∈ R
• such that for every e ∈ N there exists a t ∈ N such that
It then follows that
and therefore the element r + (
Therefore there exists a t ∈ N such that (
for every e ∈ N. Thus for every e ∈ N there exists a
But x 1 , . . . , x d is a regular sequence and it follows that
for every e ∈ N. In particular, ( 
Proof. It only remains to show that the kernel of R/J
But this follows from the observation that the map
is an isomorphism when localized at any minimal component of J by the discussion proceeding the statement of the lemma.
We record a corollary of Lemma 2.5 for future reference. 
, S), S) is an isomorphism whenever localized at a prime ideal of R of height 2 or less.
Proof. Immediate by Lemma 2.5 since J (mi+1) 1 R p ∼ = J 1 R p is a canonical ideal whenever p is a prime of R of height 2 or less.
2.3. Rees algebras, symbolic Rees algebras, and analytic spread. Let R be a Noetherian domain and I ⊆ R an ideal. The Rees ring of I is the blowup algebra
If all associated primes of I are minimal and W is the complement of the union of the prime components of I, then the Nth symbolic power of I is the ideal
The symbolic Rees ring of I is the R-algebra
an R-algebra with the potential of being non-Noetherian, [Cut88, Ree58, Rob85] . We will typically be interested symbolic Rees rings associated to ideals of pure height 1. Suppose further that (R, m, k) is local. Then the analytic spread of I is the Krull dimension of the fiber cone 
are finite for each integer N. Observe that the R-algebra map above can be factored as
Therefore the induced map of fiber cones
are finite for each integer N. In particular, k ⊗ R[I (N ) t] has Krull dimension no more than the analytic spread of I N and the analytic spread of I N is equal to the analytic spread of I.
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Finite generation of symbolic Rees rings away from the maximal ideal of a local ring allows us to effectively compare ordinary and symbolic powers of an ideal. Proposition 2.8. Let (R, m, k) be a local domain and I ⊆ R an ideal without embedded components. Suppose that for each P ∈ Spec(R) − {m} that R P ⊗ R I is a Noetherian R Palgebra. Then there exists an integer N ∈ N such that for all i ∈ N the inclusion of ideals
Proof. We are assuming R → R I is finite type on each point of Spec(R) − {m}. But being finite type is an open condition on the scheme Spec(R) − {m}. Therefore for each point
this is accomplished
by choosing integers N j so that the N j th Veronese subalgebra of R f j ⊗ R I is a standard graded R f j -algebra. We then take N to be the least common multiple of the set of integers
. Let I ⊆ R be an ideal whose components have the same height. The collection of associated primes of the set of ideals {I n } n∈N is finite by [Bro79] , see also [HS15] . The finite set of associated primes of the collection of ideals {I n } n∈N are known as the asymptotic associated primes of I. Suppose that P 1 , . . . , P n are the finitely many non-minimal asymptotic associated primes of I and let a = P 1 ∩ · · · ∩ P n . Then for each integer N ∈ N we have that (1) The ring
the normalization of the Rees ring R[It]. In particular, if a is the intersection of the non-minimal asymptotic primes of I then the symbolic Rees ring R I is Noetherian if and only if there exists an integer m ∈ N such that the analytic spread of I
(m) R P is no more than ht P − 1 at each P ∈ V (a).
The criterion described in Theorem 2.9 to determine finite generation of symbolic Rees rings is originally due to Katz and Ratliff, [KR86, Theorem A and Corollary 1]. The reader interested in learning more about connections between finite generation of symbolic Rees rings and analytic spread will also be interested in [Sch86] and [DM19] . We also remark that finite generation of symbolic Rees rings is deeply rooted to progress in the minimal model program. This is because finite generation of certain symbolic Rees rings is equivalent to the existence of flips, see [KM98, Lemma 6.2 and Remark 6.3].
The following is a consequence of Theorem 2.9 and will be used in Section 4. Proof. Let a be the intersection of the asymptotic primes of I of height at least 3 and let b be the intersection of the asymptotic primes of I of height 2. Then the Nth symbolic power of the ideal I is realized as (I N : a ∞ ) : b ∞ . The analytic spread of I is at most 2 and the analytic spread of I does not increase under localization. Therefore the R-algebra Another important concept surrounding the theory of analytic spread and reductions is the notion of a reduction number. Let R be a Noetherian ring and J ⊆ I ideals such that J forms a reduction of I. The reduction number of I with respect J is the least integer N such that JI N = I N +1 . A theorem of Hoa allows us to relate reduction numbers with the analytic spread of an ideal via understanding properties of the graded ring gr As a consequence to Theorem 2.11 we can effectively estimate the reduction numbers of large powers of pure height 1 ideals of a strongly F -regular ring.
Theorem 2.12. Let (R, m, k) be a strongly F -regular and F -finite local ring of prime characteristic p > 0 and dimension d ≥ 2. Suppose further that I ⊆ R is an ideal of pure height 1 with the property that I n = I (n) for all n ∈ N. If I has analytic spread ℓ ≥ 2 then for all n ≫ 0 the reduction number of I n with respect to any reduction is no more than ℓ − 1.
Proof. By Theorem 2.11 it is enough to show that a ℓ (gr I (R)) < 0. In fact, we will show that 
). An easy descending induction argument now tells us that a i (gr I (R)) < 0 for all 2 ≤ i ≤ d and this completes the proof of the theorem.
Koszul cohomology, local cohomology, and local cohomology bounds
In this section R denotes a commutative Noetherian ring. Unless stated otherwise, we do not make any assumptions on the characteristic of R. Our study of local cohomology modules is centered around the realization of local cohomology as a direct limit system of Koszul cohomologies. We are interested in understanding at what point in a direct limit system that an element of a Koszul cohomology group representing the zero element of a local cohomology group becomes zero. Key to our study of local cohomology is the notion of a local cohomology bound relative to a sequence of elements defined below in Definition 3.1. 
The map of cocomplexesα • M ;x;j 1 ;j 2 is realized as the following tensor product of maps of Koszul cocomplexes on one element:
We let α i M ;x;j 1 ;j 2 denote the induced map of Koszul cohomologies
More specifically, suppose j 1 = j and j 2 = j + k and consider the Koszul cocomplexes
. Then the cokernel of the dth map of these cocomplexes are
by [BH93, Theorem 3.5.6].
Denote by α i M ;x;j;∞ the natural map 
. Therefore finite local cohomology bounds correspond to a uniform bound of annihilation of zero elements in a choice of direct limit system defining a local cohomology module. It would be interesting to know when local cohomology bounds are finite.
3.2. Basic properties of local cohomology bounds. Our study of local cohomology bounds begins with two elementary, yet useful, observations. 
We abuse notation and let ·x j 1 denote the multiplication map on F i . Then up to sign on ·x j 1 the map ǫ i can be thought of as
In particular, if we apply − ⊗ R M the map ·x j 1 ⊗ M is the 0-map and therefore ith map of the Koszul cocomplex 
Proof. By multiple applications of Lemma 3.3 it is enough to observe that Suppose 0 → M 1 → M 2 → M 3 → 0 is a short exact sequence of R-modules. The next two properties of local cohomology bounds we record allow us to compare the local cohomology bounds of the modules appearing in the short exact sequence. Proposition 3.5 allows us to effectively compare the local cohomology bounds of two of the terms in the sequence provided a subset of the elements in the sequence of elements defining Koszul cohomology annihilates the third. Proposition 3.6 compares the the local cohomology bounds of two of the terms in the short exact whenever the sequence of elements defining Koszul cohomology is a regular sequence on the third module. ( 
Statements (2) and (3) follow in a similar manner. For (2) one needs to consider the commutative diagrams (1) If x is a regular sequence on are injective. Conside the following commutative diagrams whose rows are exact: 
Proof of (3):
Similar to the proofs of (1) and (2), if i ≤ d−1 there are commutative squares
whose horizontal arrows are isomorphisms. There will also be commutative diagrams 
Equality of test ideals
The proof of Theorem B goes as follows: Theorem 4.2 shows that the test ideals of a local ring agree provided there exists a system of parameters for R which satisfy some technical conditions. Proposition 4.3, Proposition 4.4, and Proposition 4.5 can be put together to show that a system of parameters satisfies the hypotheses of Theorem 4.2 provided that the parameter sequence annihilates a family of Ext-modules in a controlled way. Theorem 4.6 provides to us a suitable system of parameters so that the desired annihilation properties of the previous propositions are met under the assumptions of Theorem B.
Sufficient conditions which imply equality of test ideals.
The content of the following lemma can be pieced together by work of the first author in [Abe02] . We refer the reader to [PT18, Lemma 6.7] for a direct presentation of the lemma. (1) If x 2 J ⊆ a 2 R for some a 2 ∈ J, then for any non- 2 ).
5 In [PT18, Lemma 6.7] there is an assumption that R is complete. But observe that since R → R is faithfully flat the claims of the lemma can be checked after completion. 
In particular, F .
. Any sequence of the form x it is enough to show there exists an integer N such that (
• is a test element. Then for every e ∈ N there exists a s ∈ N such that
By (2) In particular, the element η = x Then for all i, s ∈ N there exists an integer ℓ such that
Proof. To ease notation we will write x to be denote the parameter sequence x 4 , . . . , x d and denote by y the product x 4 · · · x d . For each integer n ∈ N we write x n to denote the parameter sequence
is ) : y i(s−1) and consider the element
Because
. Let α be the natural map
).
Similarly, letα be the natural map
Consider the following commutative diagram:
is
). Because we are assuming
Multiplying by y 5 we see that
as claimed.
The next two propositions provide the linear bound of top local cohomology bounds of the family of R-modules R/J (mi+1) 1 described in Proposition 4.3 whenever there exists a suitable system of parameters which annihilates a family of Ext-modules in a controlled manner. 
Then the following hold:
(1) For each integer i ∈ N there exists an integer ℓ such that
(2) For each integer i ∈ N there exists an integer ℓ such that
Proof. For each i ∈ N let C i be the cokernel of
, S), S)
and consider the short exact sequences
The module K i is 0 when either x 2 or x 3 are inverted. Hence for each i ∈ N there exists an integer ℓ such that (x ℓ 2 , x ℓ 3 )K i = 0. By (1) of Proposition 3.5 we have that
Main results.
We have arrived at the main theorem of the article. Theorem A and Theorem B are consequences of the next theorem. Theorem 4.6 below gives the existence of suitable system of parameters satisfying the annihilation properties of Proposition 4.4 and Proposition 4.5 whenever an anti-canonical ideal has analytic spread at most 2 and reduction number 1 on the punctured spectrum. is principal in codimension 2 and has analytic spread at most 2 on Spec(R) − {m}, see Proposition 2.10 to know that the symbolic Rees ring R K
is Noetherian on the punctured spectrum and Proposition 2.7 to insure that the analytic spread of K (m) is no more than the analytic spread of K
on the punctured spectrum. By Proposition 2.8 we can choose m to be a multiple of m ′ and m ′′ and such that the containment of ideals
and let
Proof of claim. For each integer i consider the following short exact sequence:
The ideal x mi+1 1 J 1 is isomorphic to the canonical module of R, therefore
and there are exact sequences . Therefore L i agrees with the unmixed ideal
S).
To prove the theorem it is now enough to find parameters x 2 , x 3 . . . ,
for every integer i ∈ N and 2 ≤ j ≤ d − 2.
Claim 4.9. For every integer i ∈ N and 2 ≤ j ≤ d − 2
Proof of claim. Consider the short exact sequences
For each i ∈ N the modules K (i) /K i are supported only at the maximal ideal. In particular, Ext To prove the theorem it is now enough to find parameters x 2 , x 3 . . . ,
for every integer i ∈ N and 2 ≤ j ≤ d − 2. We can choose parameters x 2 and x 3 on R/J 1 such that KR x 2 and KR x 3 are principal ideals in their respective localizations. Suppose x 2 has been chosen such that KR x 2 = (a)R x 2 , a ∈ K, and x 2 K ⊆ (a). Then x i 2 K i ⊆ (a i ) and therefore the left term of the following short exact sequence is annihilated by x
for every i and 2 ≤ j ≤ d − 2. Similarly, we can find x 3 a parameter on R/(J 1 , x 2 ) such that
for every i and 2 ≤ j ≤ d − 2. Assume we have found parameters x 2 , x 3 , . . . , x ℓ on R/J 1 such that
for every 2 ≤ m ≤ ℓ, i ≥ 1, and m − 2 ≤ j ≤ d − 2. We wish to find parameter element x ℓ+1 of R/(J 1 , x 2 , . . . , x ℓ ) such that Now consider the set of primes Γ = {Q 1 , . . . , Q n } which are the minimal components of K. The purpose of enlarging the set of height ℓ primes in the statement of the claim was to insure that each Q j ∈ Γ is a prime ideal of the localization R W ℓ . In particular, (a ′ , c ′ )R Q i forms a reduction of KR Q i for each 1 ≤ i ≤ n. But R Q i is a discrete valuation ring and therefore for each 1
Without loss of generality we assume that KR Q i = (a ′ )R Q i for at least one value of i and relabel the primes in Γ so that
We are assuming that a ′ does not generate KR Q i and therefore (a 
Proof. Consider W ℓ as a multiplicative set of S.
is an unmixed ideal we have that R W ℓ /K (i) R W ℓ has positive depth and therefore the Ext-modules
It follows that we can choose x ℓ+1 a parameter on R/(J 1 , x 2 , x 3 , . . . , x ℓ ) such that x ℓ+1 K 2 ⊆ (a, c)K and x ℓ+1 satisfies (2) and (3). Because
The element x i−1 ℓ+1 annihilates the left term of the following short exact sequence: 
Proof of claim. For any two ideals I, J ⊆ R there is a short exact sequence
Therefore it is enough to show that
Clearly 
However, c is a unit of R P , c ∈ K, and therefore y ∈ aR P .
Claim 4.13. For each 2 ≤ j ≤ d − 2 there are isomorphisms
and
Proof of claim. For the first isomorphism consider the long exact sequence of Ext-modules induced from the short exact sequence
and for the second isomorphism consider the long exact sequence of Ext-modules induced from the short exact sequence
Observe that by Claim 4.12 there are isomorphisms
for all 2 ≤ j ≤ d − 2. Therefore Claim 4.13 and induction we find that there isomorphisms
The element x ℓ+1 has the property that it annihilates the modules appearing the direct sum decompositions above. Therefore x ℓ+1 annihilates each Ext 
Proof. We wish to invoke Theorem 4.6. Therefore if we denote by K ⊆ R an anti-canonical ideal we must prove the existence of an integer n such that for all P ∈ Spec(R) \ {m} that K (n) R P has a reduction by 2 elements with reduction number 1. The anti-canonical algebra R K is Noetherian on the punctured spectrum by Theorem 2.9. Hence R P is strongly F -regular by [CEMS18, Corollary 5.9] for each P ∈ Spec(R) \ {m}. Therefore at each prime ideal P ∈ Spec(R) \ {m} there exists an integer n P so that K (n P ) R P has analytic spread 2 and reduction number 1 with respect to any reduction by Theorem 2.12.
For a choice of reduction of K (n P ) R P it is easy to see there is an open neighborhood of P ∈ Spec(R) \ {m} so that K (n P ) has a reduction by 2 elements with reduction number 1. By a simple quasi-compactness argument there exists an integer n such that K (n) R P has a reduction by 2 elements with reduction number 1 for each P ∈ Spec(R) \ {m} and therefore Theorem 4.6 is applicable.
Let J 1 R be a choice of a canonical ideal and let x 1 ∈ J 1 be a generic generator. By Theorem 4.6 we may extend x 1 to a suitable system of parameters x 1 , x 2 , . . . , x d such that
for every integer i ∈ N and 2 ≤ j ≤ d − 2. By Proposition 4.5 for every integer i ∈ N there exists an integer ℓ such that
We replace x 2 , . . 5. F -signature and relative Hilbert-Kunz multiplicity 5.1. Background on F -signature and Hilbert-Kunz multiplicity. We summarize some basic properties of Frobenius splitting numbers, F -signature, and Hilbert-Kunz multiplicity. For an introduction to these concepts we refer the reader to [Hun13, PT18] . Let (R, m, k) be a local F -finite domain of prime characteristic p > 0 and Krull dimension d. For each e ∈ N let a e (R) be the largest rank of a free R-module G for which there exists an onto R-linear map F e * R → G. The F -signature of R is the limit 
and therefore for each pair of m-primary ideals I J we have that
Work of the second author and Tucker show that F -signature of a local ring is realized as the infimum of relative Hilbert-Kunz multiplicities. Under mild hypotheses, this article equates the finitistic test ideal and test ideal of a ring under the assumption that the anti-canonical ideal has analytic spread at most 2 on the punctured spectrum. For rings of Krull dimension at most 4 this is equivalent to the anti-canonical algebra being Noetherian on the punctured spectrum.
Question 2. Can the techniques of this article be extended to show equality of test ideals whenever the anti-canonical algebra of a ring is assumed to be Noetherian on the punctured spectrum?
The critical point of the argument where the analytic spread 2 assumption is being used is in Claim 4.12. In Claim 4.12 we find families of ideals which intersect principally, so that the higher Ext-modules of the cyclic modules defined by these ideals vanish.
There are interesting connections between the theory of multiplier ideals in the birational geometry of complex varieties and test ideals of varieties defined over a field of prime characteristic. Suppose R is an F -finite normal domain. Following the methods of [HY03, Tak04] one can develop a tight closure theory of triples (R, ∆, a t ) where ∆ ≥ 0 is an effective Qdivisor, a ⊆ R an ideal, and t ≥ 0 a real number. Suppose that K is the fraction field of R. Then for each e ∈ N consider the fractional ideal R((p e −1)∆) ⊆ K generated by nonzero elements f ∈ K such that div(f )+(p e −1)∆ is effective. For each e ∈ N we consider the extension when a = R and K X + ∆ is assumed to be a Q-Cartier divisor, where K X is a canonical divisor on X = Spec(R).
